








Udqgrp Frh!flhqw Sdqho Gdwd Prghov
Fkhqj Kvldr
Xqlyhuvlw| ri Vrxwkhuq Fdoliruqld
P1 Kdvkhp Shvdudq
Xqlyhuvlw| ri Fdpeulgjh ) XVF
Mxqh 5337
Devwudfw
Wklv sdshu surylghv d uhylhz ri olqhdu sdqho gdwd prghov zlwk vorsh
khwhurjhqhlw|/ lqwurgxfhv ydulrxv w|shv ri udqgrp frh!flhqwv prghov dqg
vxjjhvw d frpprq iudphzrun iru ghdolqj zlwk wkhp1 Lw frqvlghuv wkh ixq0
gdphqwdo lvvxhv ri vwdwlvwlfdo lqihuhqfh ri d udqgrp frh!flhqwv irupxodwlrq
xvlqj erwk wkh vdpsolqj dqg Ed|hvldq dssurdfkhv1 Wkh sdshu dovr surylghv
d uhylhz ri khwhurjhqhrxv g|qdplf sdqhov/ whvwlqj iru krprjhqhlw| xqghu
zhdn h{rjhqhlw|/ vlpxowdqhrxv htxdwlrq udqgrp frh!flhqw prghov/ dqg
wkh pruh uhfhqw ghyhorsphqwv lq wkh duhd ri furvv0vhfwlrqdo ghshqghqfh lq
sdqho gdwd prghov1
Nh|zrugv= Udqgrp frh!flhqw prghov/ G|qdplf khwhurjhqhrxv sdqhov/
Fodvvlfdo dqg Ed|hvldq dssurdfkhv/ Whvwv ri vorsh khwhurjhqhlw|/ Furvv vhf0
wlrq ghshqghqfh1
MHO0Fodvvlfdwlrq= F45/ F46/ F661
Zh duh judwhixo wr J1 Euhvvrqv dqg D1 Slurwwh iru wkhlu fduhixo uhdglqj ri dq hduo| yhuvlrq




Frqvlghu d olqhdu uhjuhvvlrq prgho ri wkh irup
+ ’  n c +4,
zkhuh + lv wkh ghshqghqw yduldeoh dqg  lv dg yhfwru ri h{sodqdwru| yduldeohv1
Wkh yduldeoh  ghqrwhv wkh hhfwv ri doo rwkhu yduldeohv wkdw dhfw wkh rxwfrph
ri + exw duh qrw h{solflwo| lqfoxghg dv lqghshqghqw yduldeohv1 Wkh vwdqgdug
dvvxpswlrq lv wkdw  ehkdyhv olnh d udqgrp yduldeoh dqg lv xqfruuhodwhg zlwk
  Krzhyhu/ wkh hpskdvlv ri sdqho gdwd lv riwhq rq wkh lqglylgxdo rxwfrphv1
Lq h{sodlqlqj kxpdq ehkdylru/ wkh olvw ri uhohydqw idfwruv pd| eh h{whqghg dg
lqqlwxp1 Wkh hhfw ri wkhvh idfwruv wkdw kdyh qrw ehhq h{solflwo| doorzhg iru
pd| eh lqglylgxdo vshflf dqg wlph ydu|lqj1 Lq idfw/ rqh ri wkh fuxfldo lvvxhv lq
sdqho gdwd dqdo|vlv lv krz wkh glhuhqfhv lq ehkdylru dfurvv lqglylgxdov dqg2ru
wkurxjk wlph wkdw duh qrw fdswxuhg e|  vkrxog eh prghohg1
Wkh yduldeoh lqwhufhsw dqg2ru huuru frpsrqhqwv prghov dwwulexwh wkh khwhur0
jhqhlw| dfurvv lqglylgxdov dqg2ru wkurxjk wlph wr wkh hhfwv ri rplwwhg yduldeohv
wkdw duh lqglylgxdo wlph0lqyduldqw/ olnh vh{/ delolw| dqg vrfldo hfrqrplf edfn0
jurxqg yduldeohv wkdw vwd| frqvwdqw iru d jlyhq lqglylgxdo exw ydu| dfurvv lqgl0
ylgxdov/ dqg2ru shulrg lqglylgxdo0lqyduldqw/ olnh sulfhv/ lqwhuhvw udwhv dqg zlgh
vsuhdg rswlplvp ru shvvlplvp wkdw duh wkh vdph iru doo furvv0vhfwlrqdo xqlwv dw d
jlyhq srlqw lq wlph exw ydu| wkurxjk wlph1 Lw grhv qrw doorz wkh lqwhudfwlrq ri wkh
lqglylgxdo vshflf dqg2ru wlph ydu|lqj glhuhqfhv zlwk wkh lqfoxghg h{sodqdwru|
yduldeohv/  1 D pruh jhqhudo irupxodwlrq zrxog eh wr ohw wkh yduldeoh + ri wkh
lqglylgxdo  dw wlph | eh ghqrwhg dv
+| ’ 

| | n |c +5,
’ q|%| n n q&|%&| n |c
 ’ c c c dqg | ’ c c A H{suhvvlrq +5, fruuhvsrqgv wr wkh prvw jhqhudo
vshflfdwlrq ri wkh sdqho olqhdu gdwd uhjuhvvlrq sureohp1 Lw vlpso| vwdwhv wkdw
hdfk lqglylgxdo kdv wkhlu rzq frh!flhqwv wkdw duh vshflf wr hdfk wlph shulrg1
Krzhyhu/ dv srlqwhg rxw e| Edohvwud +4<<4, wklv jhqhudo irupxodwlrq lv/ dw prvw/
ghvfulswlyh1 Lw odfnv dq| h{sodqdwru| srzhu dqg lw lv xvhohvv iru suhglfwlrq1 Ixu0
wkhupruh/ lw lv qrw hvwlpdeoh/ wkh qxpehu ri sdudphwhuv wr eh hvwlpdwhg h{fhhgv
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wkh qxpehu ri revhuydwlrqv1 Iru d prgho wr ehfrph lqwhuhvwlqj dqg wr dftxluh
h{sodqdwru| dqg suhglfwlyh srzhu/ lw lv hvvhqwldo wkdw vrph vwuxfwxuh lv lpsrvhg
rq lwv sdudphwhuv1
Rqh zd| wr uhgxfh wkh qxpehu ri sdudphwhuv lq +5, lv wr dgrsw dq dqdo|vlv ri
yduldqfh iudphzrun e| ohwwlqj
q&| ’ q& n k& n b&|c
[
’
k& ’ fc dqg
A[
|’
b&| ’ fc & ’ c    cg +6,
Wklv vshflfdwlrq wuhdwv lqglylgxdo glhuhqfhv dv {hg dqg lv frpsxwdwlrqdoo|
vlpsoh1 Wkh gudzedfn lv wkdw lw lv qrw sduvlprqlrxv/ dqg khqfh uholdeoh hvwlpdwhv
ri k& dqg b&| duh gl!fxow wr rewdlq1 Pruhryhu/ lw lv gl!fxow wr gudz lqihuhqfh
derxw wkh srsxodwlrq li glhuhqfhv dfurvv lqglylgxdov dqg2ru ryhu wlph duh {hg
dqg glhuhqw1
Dq dowhuqdwlyh wr wkh {hg frh!flhqw +ru hhfwv, vshflfdwlrq ri +6, lv wr ohw
k& dqg b&| eh udqgrp yduldeohv dqg lqwurgxfh surshu vwrfkdvwlf vshflfdwlrqv1
Wklv lv frpprqo| fdoohg wkh udqgrp frh!flhqwv prgho1 Wkh udqgrp frh!flhqw
vshflfdwlrq uhgxfhv wkh qxpehu ri sdudphwhuv wr eh hvwlpdwhg vxevwdqwldoo|/
zkloh vwloo doorzlqj wkh frh!flhqwv wr glhu iurp xqlw wr xqlw dqg2ru iurp wlph
wr wlph1
Lq vhfwlrq 5 zh lqwurgxfh ydulrxv w|shv ri udqgrp frh!flhqwv prghov dqg
vxjjhvw d frpprq iudphzrun iru wkhp1 Lq vhfwlrqv 6 dqg 7 zh frqvlghu wkh ixq0
gdphqwdo lvvxhv ri vwdwlvwlfdo lqihuhqfh ri d udqgrp frh!flhqwv irupxodwlrq xvlqj
wkh vdpsolqj dssurdfk1 Lq vhfwlrq 8 zh frqvlghu d Ed|hvldq dssurdfk1 Vhfwlrq 9
frqvlghuv wkh jhqhudol}dwlrq wr d g|qdplf iudphzrun1 Lvvxhv ri whvwlqj iru krpr0
jhqhlw| xqghu zhdn h{rjhqhlw| duh glvfxvvhg lq vhfwlrq :1 Glvfxvvlrqv rq udqgrp
frh!flhqwv/ vlpxowdqhrxv htxdwlrq v|vwhpv dqg furvv0vhfwlrqdo ghshqghqfh duh lq
vhfwlrqv ; dqg </ uhvshfwlyho|1 Frqfoxvlrqv duh lq vhfwlrq 431
5 Wkh Prghov
Ohw wkhuh eh revhuydwlrqv iru furvv0vhfwlrqdo xqlwv ryhu A wlph shulrgv1 Vxssrvh
wkh yduldeoh + iru wkh wk xqlw dw wlph | lv vshflhg dv d olqhdu ixqfwlrq rig vwulfwo|
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q&|%&| n |c +7,
’ | | n |c  ’     c c | ’ c    c Ac
zkhuh | ghqrwhv wkh udqgrp huuru whup/  | lv d g   yhfwru ri h{rjhqrxv
yduldeohv dqg | lv wkh g   yhfwru ri frh!flhqwv1 Wkh udqgrp frh!flhqwv
dssurdfk dvvxphv wkdw wkh frh!flhqwv | duh gudzv iurp suredelolw| glvwule0
xwlrqv zlwk d {hg qxpehu ri sdudphwhuv wkdw gr qrw ydu| zlwk  dqg2ru A
Ghshqglqj rq wkh w|sh ri dvvxpswlrq derxw wkh sdudphwhu yduldwlrq/ zh fdq ixu0
wkhu fodvvli| wkh prghov lqwr rqh ri wzr fdwhjrulhv= vwdwlrqdu| dqg qrq0vwdwlrqdu|
udqgrp0frh!flhqwv prghov1
Wkh vwdwlrqdu| udqgrp0frh!flhqwv prghov uhjdug wkh frh!flhqwv dv kdylqj
frqvwdqw phdqv dqg yduldqfh0fryduldqfhv1 Qdpho|/ wkhg yhfwru | lv vshflhg
dv
| ’  n |c  ’ c c c | ’ c c Ac +8,
zkhuh  lv dg yhfwru ri frqvwdqwv/ dqg | lv dg yhfwru ri vwdwlrqdu| udq0
grp yduldeohv zlwk }hur phdqv dqg frqvwdqw yduldqfh0fryduldqfhv1 Iru lqvwdqfh/
lq wkh Vzdp| +4<:3, w|sh udqgrp frh!flhqw prghov/
| ’  nc  ’ c c c | ’ c c Ac +9,
dqg
.E ’ fc .E 






{c li  ’ c
fc li  9’ c
Kvldr +4<:7/ 4<:8, frqvlghuv wkh iroorzlqj w|sh ri prgho
| ’  n | +;,
’  n n |c  ’ c c c | ’ c c Ac
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{c li  ’ c





\c li  ’ c
fc li  9’ c
Dowhuqdwlyho|/ d wlph ydu|lqj sdudphwhu prgho pd| eh wuhdwhg dv uhdol}dwlrqv ri
d vwdwlrqdu| vwrfkdvwlf surfhvv/ wkxv | fdq eh zulwwhq lq wkh irup/
| ’ | ’ O|3 n |c +43,
zkhuh doo hljhqydoxhv riO olh lqvlgh wkh xqlw flufoh/ dqg | lv d vwdwlrqdu| udqgrp
yduldeoh zlwk phdq  Wkhq wkh Kloguhwk0Krxfn +4<9;, w|sh prgho lv rewdlqhg
e| ohwwlqj O ’ f dqg | eh l1l1g1> iru wkh Sdjdq +4<;3, prgho/ O ’ f dqg
|   ’ |   ’ @Eu|c +44,
zkhuh  lv wkh phdq ri | dqg @Eu lv wkh udwlr ri sro|qrpldov ri rughuv R
dqg ^ lq wkh odj rshudwru uEu| ’ |3 dqg | lv lqghshqghqw qrupdo1 Wkh
Urvhqehuj +4<:5/ 4<:6, uhwxuq0wr0qrupdolw| prgho dvvxphv wkh devroxwh ydoxh
ri wkh fkdudfwhulvwlf urrwv ri O eh ohvv wkdq 4 zlwk | lqghshqghqwo| qrupdoo|
glvwulexwhg zlwk phdq  ’ EWg O
Wkh qrqvwdwlrqdu| udqgrp frh!flhqwv prghov gr qrw uhjdug wkh frh!flhqw
yhfwru dv kdylqj frqvwdqw phdq ru yduldqfhv1 Fkdqjhv lq frh!flhqwv iurp rqh
revhuydwlrq wr wkh qh{w fdq eh wkh uhvxow ri wkh uhdol}dwlrq ri d qrqvwdwlrqdu|
vwrfkdvwlf surfhvv ru fdq eh d ixqfwlrq ri h{rjhqrxv yduldeohv1 Zkhq wkh frhi0
flhqwv duh uhdol}dwlrqv ri d qrqvwdwlrqdu| vwrfkdvwlf surfhvv/ zh pd| djdlq xvh
+43, wr uhsuhvhqw vxfk d surfhvv1 Iru lqvwdqfh/ wkh Frroh| dqg Suhvfrww +4<:9,
prgho fdq eh rewdlqhg e| ohwwlqj O ’ Wg dqg  ’ f1 Zkhq wkh frh!flhqwv
| duh ixqfwlrqv ri lqglylgxdo fkdudfwhulvwlfv ru wlph yduldeohv Eh1j1 Dphpl|d
+4<:;,/ Ervnlq dqg Odx +4<<3,/ Khqgulfnv/ Nrhqnhu/ dqg Srlulhu +4<:<,/ Vlqjk hw
do1 +4<:9,/ Vzdp| dqg Wlqvoh| +4<::,/ Zdfkwhu +4<:3,,/ zh fdq ohw
| ’ K^| n | +45,
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Zkloh wkh ghwdlohg irupxodwlrq dqg hvwlpdwlrq ri wkh udqgrp frh!flhqwv
prgho ghshqgv rq wkh vshflf dvvxpswlrqv derxw wkh sdudphwhu yduldwlrq/ pdq|
w|shv ri wkh udqgrp frh!flhqwv prghov fdq eh frqyhqlhqwo| uhsuhvhqwhg xvlqj d
pl{hg {hg dqg udqgrp frh!flhqwv iudphzrun ri wkh irup +h1j1 Kvldr +4<<3,/





|| n |c  ’ c c c | ’ c c Ac +46,
zkhuh 3| dqg | duh yhfwruv ri h{rjhqrxv yduldeohv zlwk glphqvlrqv  dqg R
uhvshfwlyho|/  lv dq    yhfwru ri frqvwdqwv/ | lv d R   yhfwru ri udqgrp
yduldeohv/ dqg | lv wkh huuru whup1 Iru lqvwdqfh/ wkh Vzdp| w|sh prgho ++9, dqg
+:,, fdq eh rewdlqhg iurp +46, e| ohwwlqj 3| ’ | ’  |c ’ c dqg | ’ (
wkh Kvldr w|sh prgho +;, dqg +<, lv rewdlqhg e| ohwwlqj 3| ’ | ’  |c ’ c
dqg | ’ n|( wkh vwrfkdvwlf wlph ydu|lqj sdudphwhu prgho +43, lv rewdlqhg
e| ohwwlqj 3| ’  |c 

| ’  








wkh prgho zkhuh | lv d ixqfwlrq ri rwkhu yduldeohv +45, lv rewdlqhg e| ohwwlqj
3| ’  

|  ^|c   ’ eSEKc | ’  |c | ’ |c hwf1
Iru hdvh ri looxvwudwlqj wkh ixqgdphqwdo lvvxhv lqyroyhg lq hvwlpdwlqj d udqgrp
frh!flhqwv prgho zh vkdoo pdnh wkh vlpsoli|lqj dvvxpswlrq wkdw | ’  dqg
 duh lqghshqghqwo| qrupdoo| glvwulexwhg ryhu  zlwk phdq f dqg fryduldqfh
{/ ghqrwhg e|   Efc{1 Lq rwkhu zrugv/ wkhuh duh rqo| lqglylgxdo0vshflf
hhfwv/ / dqg wkhvh lqglylgxdo 0 vshflf hhfwv vwd| frqvwdqw ryhu wlph1 Xqghu
wklv vlpsolhg dvvxpswlrq/ prgho +46, fdq eh zulwwhq lq wkh vwdfnhg irup
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Zh ixuwkhu dvvxph wkdw  dqg  duh pxwxdoo| lqghshqghqw zlwk
. E ’ f/ dqg . E ’  +49,
6 Vdpsolqj Dssurdfk
Ohw
 ’‘n c +4:,
wkhq . E ’ f dqg
. E ’‘EW {‘ n ’ l +4;,
Prgho +47, fdq eh ylhzhg dv d olqhdu uhjuhvvlrq prgho ri wkh irup
) ’ ~ n c +4<,
zkhuh wkh frpsrvlwh huuru whup/ / kdv d qrqvskhulfdo fryduldqfh pdwul{1 Iurp
d vdpsolqj srlqw ri ylhz/ wkh lqwhuhvw iru prgho +4<, zloo olh lq +d, hvwlpdwlqj wkh
phdq frh!flhqw yhfwru c +e, hvwlpdwlqj wkh fryduldqfh pdwul{ ri / l/ dqg +f,
suhglfwlqj +|1
:
Li { dqg  duh nqrzq/ wkh ehvw olqhdu xqeldvhg hvwlpdwru ri  lv wkh jhqhu0
dol}hg ohdvw vtxduhv +JOV, hvwlpdwru
e7 ’ E~l3~3E~l3)c +53,
zlwk fryduldqfh pdwul{
# ’ J Ee7 ’ E~l3~3 +54,
Li{ dqg  duh xqnqrzq/ zh fdq dsso| d wzr vwhs JOV hvwlpdwru1 Lq wkh uvw
vwhs zh hvwlpdwh{ dqg 1 Lq wkh vhfrqg vwhs zh hvwlpdwh  e| vxevwlwxwlqj wkh
hvwlpdwhg{ dqg  lqwr +53, dqg wuhdwlqj wkhp dv li wkh| zhuh nqrzq1 Surylghg
{ dqg  fdq eh frqvlvwhqwo| hvwlpdwhg/ wkh wzr vwhs JOV zloo kdyh wkh vdph
dv|pswrwlf h!flhqf| dv wkh JOV hvwlpdwru1
Vlploduo|/ zh fdq rewdlq wkh ehvw olqhdu xqeldvhg suhglfwru ri +s xvlqj wkh
irupxod
e+s ’ 3s n.Es m c
’ 3s n J Es c
 T @o E3 +55,
Ehfdxvh  dqg  duh xqnqrzq/ wkhlu hvwlpdwhg ydoxhv/ e7 dqg 	 ’ )  ~e7 duh
vxevwlwxwhg lqwr +55, lq sudfwlfh1
Htxdwlrqv +53, 0 +55, surylgh d jhqhudo sulqflsoh iru h!flhqw lqihuhqfh ri d
udqgrp frh!flhqwv prgho1 Wr looxvwudwh uhodwlrqv wr d vshflf w|sh ri udqgrp
frh!flhqwv prgho/ zh frqvlghu d Vzdp| w|sh prgho +7,/ +9, dqg +:,/ dvvxplqj
wkdw wkh uhjuhvvruv 3|/ duh vwulfwo| h{rjhqrxv1
Xqghu wkh dvvxpswlrqv ri Vzdp| +4<:4,/ zh kdyh




























’ j2  +58,





 WA  +59,
Vxevwlwxwlqj +56, 0 +59, lqwr +53,/ wkh ehvw olqhdu xqeldvhg hvwlpdwru ri wkh
phdq frh!flhqw yhfwru  lv

















































Wkh odvw h{suhvvlrq ri +5:, lv rewdlqhg e| uhshdwhgo| xwlolvlqj wkh lghqwlw| uhodwlrq/
E,n63 ’ ,3 ,3E,3n 633,3 +63,
Lw vkrzv wkdw wkh JOV hvwlpdwru lv d pdwul{ zhljkwhg dyhudjh ri wkh ohdvw vtxduhv
hvwlpdwru iru hdfk furvv0vhfwlrqdo xqlw +5<,/ zlwk wkh zhljkwv lqyhuvho| sursru0
wlrqdo wr wkhlu fryduldqfh pdwulfhv1 Lw dovr vkrzv wkdw wkh JOV hvwlpdwru uhtxluhv
rqo| d pdwul{ lqyhuvlrq ri rughu g/ dqg vr lw lv qrw pxfk pruh frpsolfdwhg wr
frpsxwh wkdq wkh vdpsoh ohdvw vtxduhv hvwlpdwru1
Wkh fryduldqfh pdwul{ ri wkh JOV hvwlpdwru lv
J





















Li erwk huuruv dqg  duh qrupdoo| glvwulexwhg/ wkh JOV hvwlpdwru ri  lv wkh
pd{lpxp olnholkrrg hvwlpdwru +POH, ri  frqglwlrqdo rq { dqg j2  Zlwkrxw
nqrzohgjh ri{ dqg j2 / zh fdq hvwlpdwh c{ dqg j
2
 c  ’ c c  vlpxowdqhrxvo|
e| wkh pd{lpxp olnholkrrg phwkrg1 Krzhyhu/ frpsxwdwlrqdoo| lw fdq eh whglrxv1
D qdwxudo dowhuqdwlyh lv wr uvw hvwlpdwh l wkhq vxevwlwxwh wkh hvwlpdwhg l lqwr
+5:,1




dqg uhvlgxdov e ’ )  j	 wr rewdlq xqeldvhg hvwlpdwruv ri j2 c  ’ c c c
dqg { Qrwlqj wkdw e ’ dWA jEjj3joc +65,
dqg




zh rewdlq wkh xqeldvhg hvwlpdwruv ri j2 dqg { dv=



























Mxvw dv lq wkh huuru0frpsrqhqwv prgho/ wkh hvwlpdwru +68, lv qrw qhfhvvdulo|
qrqqhjdwlyh ghqlwh1 Lq wklv vlwxdwlrq/ Vzdp| ^dovr vhh Mxgjh hw do1 +4<;8,‘ kdv

















Wklv hvwlpdwru/ dowkrxjk eldvhg/ lv qrqqhjdwlyh ghqlwh dqg frqvlvwhqw zkhq A
whqgv wr lqqlw|1
43
7 Phdq Jurxs Hvwlpdwlrq
D frqvlvwhqw hvwlpdwru ri  fdq dovr eh rewdlqhg xqghu pruh jhqhudo dvvxpswlrqv
frqfhuqlqj  dqg wkh uhjuhvvruv1 Rqh vxfk srvvleoh hvwlpdwru lv wkh Phdq Jurxs
+PJ, hvwlpdwru sursrvhg e| Shvdudq dqg Vplwk +4<<8, iru hvwlpdwlrq ri g|qdplf
udqgrp frh!flhqw prghov1 Wkh PJ hvwlpdwru lv ghqhg dv wkh vlpsoh dyhudjh
ri wkh ROV hvwlpdwruv/ 	=
e7C ’ 3 [
’
	 +6:,
Zkhq wkh uhjuhvvruv duh vwulfwo| h{rjhqhrxv dqg wkh huurv/ | duh lqghshqghqwo|
glvwulexwhg/ dq xqeldvhg hvwlpdwru ri wkh fryduldqfh pdwul{ ri e7C fdq eh frp0
sxwhg dv gJ e7C ’ 3 e{Wc
zkhuh e{W lv jlyhq e| +69,1 Iru d surri uvw qrwh wkdw xqghu wkh udqgrp frh!flhqw
prgho zh kdyh






dqg e7C ’  n 7n 7c
zkhuh  ’ 
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e  e7C ’ E  n    c








































Xvlqj wkh deryh uhvxowv lw lv qrz hdvlo| vhhq wkdw
.
kgJ e7Cl ’ J e7C c
dv uhtxluhg1
Ilqdoo|/ lw lv zruwk qrwlqj wkdw wkh PJ dqg wkh Vzdp| hvwlpdwruv duh lq idfw
dojheudlfdoo| htxlydohqw iru A vx!flhqwo| odujh/ qdpho|
*4
A<"
e7Cu7  e7C ’ f1
8 Ed|hvldq Dssurdfk
Rqh fdq dovr ghulyh wkh vroxwlrqv iru wkh prgho +47, iurp d Ed|hvldq srlqw ri ylhz1
Wkh Ed|hv dssurdfk dvvxphv wkdw doo txdqwlwlhv/ lqfoxglqj wkh sdudphwhuv/ duh
udqgrp yduldeohv1 Wkhuhiruh/ dv sduw ri wkh prgho/ sulru suredelolw| glvwulexwlrqv
duh lqwurgxfhg iru wkh sdudphwhuv1 Wkh sulru glvwulexwlrq lv vxssrvhg wr h{suhvv
d vwdwh ri nqrzohgjh ru ljqrudqfh derxw wkh sdudphwhuv ehiruh wkh gdwd duh
rewdlqhg1 Wkh prgho +47, zlwk wkh dvvxpswlrq wkdw  lv {hg dqg  lv udqgrp/
fdq eh ylhzhg dv wkh vwdwh ri nqrzohgjh derxw wkh sdudphwhuv  dqg  ehiruh wkh
gdwd duh rewdlqhg= Wkh sulru glvwulexwlrqv ri  dqg k duh lqghshqghqw1 Wkhuh lv
qr lqirupdwlrq rq  exw wkhuh lv lqirupdwlrq rq / zklfk lv qrupdoo| glvwulexwhg
zlwk phdq f dqg fryduldqfh pdwul{ {1 Wklv sulru lqirupdwlrq lv frpelqhg zlwk
wkh prgho +47, dqg gdwd/ ) dqg 3/ wr uhylvh wkh suredelolw| glvwulexwlrq ri  dqg
 / zklfk lv fdoohg wkh srvwhulru glvwulexwlrq1 Iurp wklv glvwulexwlrq lqihuhqfhv
duh pdgh1
Irupdoo|/ zh dvvxph wkdw
D41 Wkh sulru glvwulexwlrqv ri  dqg  duh lqghshqghqw/ wkdw lv/
REc ’ RE  RE +6;,
45
D51 Wkhuh lv qr lqirupdwlrq derxw c
RE b frqvwdqw1 +6<,
D61 Wkhuh lv sulru lqirupdwlrq derxw c
  Efc W { +73,
Wkhruhp 41 Vxssrvh wkdw/ jlyhq  dqg c
)  E~ n‘c +74,
Xqghu D40D6/
+d, wkh pdujlqdo glvwulexwlrq ri ) jlyhq  lv
)  E~c n‘EW {‘c +75,
+e, wkh glvwulexwlrq ri  jlyhq ) lv Ee7c#c zkhuh e7 dqg # duh jlyhq e| +53,
dqg +54,/ uhvshfwlyho|1
+f, wkh glvwulexwlrq ri  jlyhq ) lv Eec h#c zkhuh
e ’ i‘d3 3~E~3~3~3o‘n EW {3j3 +76,
i‘d3 3~E~3~3~3o)jc
dqg h# ’ i‘d3 3~E~3~3~3o‘n EW {3j3 +77,
Vhh Dsshqgl{ D iru d surri1
Uhfdoo wkdw
 ’  nc +78,
dqg wkhuhiruh wkh Ed|hv hvwlpdwru ri  fdq eh rewdlqhg e| vxevwlwxwlqj wkh Ed|hv
hvwlpdwruv ri  dqg  +5:, dqg +76, lqwr +78,/ qdpho|=
eW ’ e7Cu7 n e +79,
’

j3jn h{33 j3) n h{3e7Cu7 c
































Wkh Ed|hv hvwlpdwru +7:,/ lv lghqwlfdo wr wkh Olqgoh| dqg Vplwk +4<:5, hvwlpdwru
iru d olqhdu klhudufklfdo prgho1 Wklv lv wr eh h{shfwhg vlqfh wkh Vzdp| w|sh
dvvxpswlrqv dqg wkh Olqgoh|0Vplwk olqhdu klhudufklfdo prgho duh irupdoo| htxly0
dohqw1
Wkh deryh hvwlpdwru fdq dovr eh zulwwhq dv




















zklfk vkrzv wkdw eW lv d zhljkwhg dyhudjh ri wkh ROV hvwlpdwru/ 	/ dqg wkh
















qdpho| wkh vlpsoh phdq ri wkh Ed|hv hvwlpdwruv +zklfk frxog eh ylhzhg dv wkh
Ed|hv Phdq Jurxs hvwlpdwru, lv htxdo wr wkh Vzdp| hvwlpdwru ri 71
Uhpdun 4 Lw lv xvhixo wr sxw wkh udqgrp frh!flhqwv prgho lq d Ed|hvldq iudph0
zrun ehfdxvh pdq| ri wkh hvwlpdwruv edvhg rq wkh vdpsolqj dssurdfk fdq dovr eh
ghulyhg iurp wkh Ed|hv dssurdfk1 Iru lqvwdqfh/ dv rqh fdq vhh iurp wkhruhp 4+e,
frqglwlrqdo rq { dqg / wkh Ed|hv hvwlpdwru ri  iru wkh prgho +47, lv lghqwlfdo
wr wkh JOV hvwlpdwru ri  +53,1 Ixuwkhupruh/ d Ed|hvldq iudphzrun pdnhv lw
fohdu wkh uroh ri sulru nqrzohgjh ru ljqrudqfh derxw wkh sdudphwhu  ’ Ec
47
jlyhq )1 Lq d Ed|hvldq dssurdfk/ d glhuhqw olqh lv wdnhq1 Wkh sdudphwhuv  duh
wuhdwhg dv udqgrp yduldeohv dqg doo suredelolw| vwdwhphqwv duh frqglwlrqdo1 Ljqr0
udqfh derxw  zrxog qhfhvvlwdwh d vshflfdwlrq ri d glxvh sulru wr c zklfk lv
w|slfdoo| vshflhg dv
RE b frqvwdqw1
Rq wkh rwkhu kdqg/ lqirupdwlrq derxw  zrxog qhfhvvlwdwh d vshflfdwlrq ri dq
lqirupdwlyh sulru1 Wkh Vzdp| w|sh udqgrp frh!flhqwv irupxodwlrq ri  kdylqj
phdq  dqg fryduldqfh { lv htxlydohqw wr vshfli|lqj dq lqirupdwlyh sulru iru wkh
sdudphwhuv 
Uhpdun 5 W|slfdoo|/ zh xvh wkh h{shfwhg ydoxh ri dq l1l1g1 udqgrp yduldeoh dv
d suhglfwru ri wkh udqgrp yduldeoh1 Lq sdqho gdwd/ zh kdyh wzr glphqvlrqv/ d
furvv0vhfwlrqdo glphqvlrq dqg d wlph vhulhv glphqvlrq1 Hyhq wkrxjk  lv dv0
vxphg lqghshqghqwo| glvwulexwhg dfurvv / rqfh d sduwlfxodu  lv gudzq/ lw vwd|v
frqvwdqw ryhu wlph iru wkh wk furvv0vhfwlrqdo xqlw1 Wkhuhiruh/ lw pdnhv vhqvh wr
suhglfw  Wkh Ed|hv suhglfwru ri  lv glhuhqw iurp wkh fodvvlfdo vdpsolqj ds0
surdfk suhglfwru1 Iru lqvwdqfh/ iru wkh Vzdp| w|sh prgho wkh vdpsolqj dssurdfk
suhglfwru ri  ’ n ghqhg e| +56, lv wkh ohdvw vtxduhv hvwlpdwru +7;,1 Wkh
Ed|hv suhglfwru ri / jlyhq e| +79, ru +7:,/ lv d zhljkwhg dyhudjh ehwzhhq wkh
ohdvw vtxduhv hvwlpdwru ri  dqg wkh ryhudoo phdq 1 Lq rwkhu zrugv/ wkh Ed|hv
hvwlpdwru ri wkh lqglylgxdo frh!flhqwv  vkulqnv wkh hvwlpdwh ri  edvhg rq
wkh lqirupdwlrq ri wkh lwk lqglylgxdo +7;, wrzdugv wkh judqg phdq  Dq lqwxlwlyh
uhdvrq iru grlqj vr lv ehfdxvh li wkh dfwxdo glhuhqfhv lq  fdq eh dwwulexwdeoh wr
wkh zrun ri fkdqfh phfkdqlvpv dv srvwxodwhg e| gh Ilqhwwl*v +4<97, h{fkdqjhdelo0
lw| dvvxpswlrq/ lqirupdwlrq derxw  fdq eh rewdlqhg e| h{dplqlqj wkh ehkdylrxu
ri rwkhuv lq dgglwlrq wr wkrvh ri wkh lwk furvv0vhfwlrqdo xqlw ehfdxvh wkh h{shfwhg
ydoxh ri  lv wkh vdph dv 1 Zkhq wkhuh duh qrw pdq| revhuydwlrqv +l1h1 A
lv vpdoo, zlwk uhjdug wr wkh lwk lqglylgxdo/ lqirupdwlrq derxw  fdq eh h{sdqghg
e| frqvlghulqj wkh uhvsrqvhv ri rwkhuv1 Zkhq A ehfrphv odujh/ pruh lqirupdwlrq
derxw  ehfrphv dydlodeoh dqg wkh zhljkw judgxdoo| vkliwv wrzdugv wkh hvwlpdwh
edvhg rq wkh lwk xqlw1 Dv A $ 4/ wkh Ed|hv hvwlpdwru dssurdfkhv wkh ohdvw
vtxduhv hvwlpdwru 	
Uhpdun 6 Wkh ghulydwlrq ri wkh srvwhulru glvwulexwlrq dqg wkh Ed|hv hvwlpdwruv
48
 dqg  ri prgho +47, lv edvhg rq nqrzq  dqg{1 Zkhq  dqg{ duh xqnqrzq/
lq sulqflsoh/ zh fdq uvw dvvljq d mrlqw sulru ri cc dqg {/ dqg frpelqh
wklv zlwk wkh olnholkrrg ixqfwlrq wr rewdlq wkh mrlqw srvwhulru glvwulexwlrq1 Wklv
glvwulexwlrq wkhq kdv wr eh lqwhjudwhg zlwk uhvshfw ri  dqg {1 Lq sudfwlfh/ wklv
lv prvw frpsoh{ wr h{hfxwh1 Olqgoh| dqg Vplwk +4<:5,/ wkhuhiruh/ vxjjhvw wr
dssur{lpdwh wkh srvwhulru glvwulexwlrq ri  dqg  frqglwlrqdo rq wkh prgdo ydoxh
ri { dqg  Wkh prgdo hvwlpdwhv ri { dqg  pd| eh irxqg e| vxssrvlqj 
dqg  nqrzq/ dqg wkhq uhsodflqj  dqg  lq wkh uhvxowv e| wkhlu prghv1 Wkh
vhtxhqfh ri lwhudwlrqv w|slfdoo| vwduwv zlwk dvvxphg ydoxhv ri{ dqg  wr fdofxodwh
wkh prgh ri  dqg / vd| e7E dqg eE Wuhdwlqj e7E dqg eE dv nqrzq/ zh fdq
qg wkh prgh iru { dqg c vd| e{E dqg E Wkh e{E dqg E duh wkhq xvhg
wr qg E2 dqg eE2c dqg vr rq1
Iru wkh Vzdp| w|sh prgho +9, dqg +:, xqghu wkh dvvxpswlrq wkdw {3 kdv
d Zlvkduw glvwulexwlrq zlwk R ghjuhhv ri iuhhgrp dqg pdwul{ +Wc lw lv vkrzq e|
Olqgoh| dqg Vplwk +4<:5, wkdw wkh prgh hvwlpdwru ri { lv
e{ ’ ++W n [
’
EeW  e7EeW  e7
,
*E n Rg  2 +7<,
9 G|qdplf Udqgrp Frh!flhqwv Prghov
Ehfdxvh ri wkh lqhuwld lq kxpdq ehkdylrxu ru lqvwlwxwlrqdo ru whfkqrorjlfdo uljlg0
lw|/ riwhq d ehkdylrxudo htxdwlrq lv vshflhg zlwk odjjhg ghshqghqw yduldeoh+v,
dsshdulqj dv uhjuhvvru+v,1 Zh zloo frqvlghu d g|qdplf prgho ri wkh irup
+| ’ 4+c|3 n  

| n |c  ’ c 2c c  ( | ’ c 2c c Ac +83,
zkhuh  | lv d g   yhfwru ri h{rjhqrxv yduldeohv/ dqg wkh huuru whup | lv
dvvxphg wr eh lqghshqghqwo|/ lghqwlfdoo| glvwulexwhg ryhu | zlwk phdq }hur dqg
yduldqfh j2 c dqg lv lqghshqghqw dfurvv 1 Ohw  ’ E4c


 Zh dvvxph wkdw  lv
lqghshqghqwo| glvwulexwhg dfurvv  zlwk













Uhzulwh  ’  nc +84, dqg +85, duh htxlydohqw wr








{ s  ’ c
f s  9’  +86,
Dowkrxjk zh pd| pdlqwdlq wkh dvvxpswlrq +<, wkdw . E 

| ’ fc zh fdq qr











Lw iroorzv wkdw .E+c|3 9’ f
Wkh ylrodwlrq ri wkh lqghshqghqfh ehwzhhq wkh uhjuhvvruv dqg wkh lqglylgxdo
hhfwv  lpsolhv wkdw wkh srrohg ohdvw vtxduhv uhjuhvvlrq ri +| rq +c|3c dqg  |
zloo |lhog lqfrqvlvwhqw hvwlpdwhv ri / hyhq iru A dqg  vx!flhqwo| odujh1 Shvdudq
dqg Vplwk +4<<8, kdyh qrwhg wkdw dv A $4c wkh ohdvw vtxduhv uhjuhvvlrq ri +|
rq +c|3 dqg  | |lhogv d frqvlvwhqw hvwlpdwru ri c e Wkh| vxjjhvw d phdq jurxs






Wkh phdq jurxs hvwlpdwru lv frqvlvwhqw zkhq erwk  dqg A $41 Lq qlwh Ac e
iru  lv eldvhg wr wkh rughu ri *A 1 +Kxuzlf} +4<83,/ Nlylhw dqg Skloolsv +4<<6,,
dqg wkh olplwhg Prqwh Fduor dsshduv wr vkrz wkdw wkh phdq jurxs hvwlpdwru
fdq eh vhyhuho| eldvhg zkhq A lv yhu| vpdoo +Kvldr/ Shvdudq dqg Wdkplvflrjox
+4<<<,,1 Krzhyhu/ xqghu wkh dvvxpswlrq wkdw +f duh {hg dqg nqrzq dqg 
dqg | duh lqghshqghqwo| qrupdoo| glvwulexwhg/ dv glvfxvvhg lq Vhfwlrq 8 zh fdq





















zkhuh ‘ ’ E)c3cj zlwk )c3 ’ E+fc +c c +A3
 Wklv Ed|hv hvwlpdwru lv
d zhljkwhg dyhudjh ri wkh ohdvw vtxduhv hvwlpdwru ri lqglylgxdo xqlwv zlwk wkh
4:
zhljkwv ehlqj lqyhuvho| sursruwlrqdo wr lqglylgxdo yduldqfhv1 Zkhq A $ 4c
 $ 4c dqg *A *2 $ fc wkh Ed|hv hvwlpdwru lv dv|pswrwlfdoo| htxlydohqw wr
wkh phdq jurxs hvwlpdwru +88,1 +Kvldr/ Shvdudq dqg Wdkplvflrjox +4<<<,,1
Lq sudfwlfh/ wkh yduldqfh frpsrqhqwv/ j2 dqg{ duh uduho| nqrzq1 Wkh Prqwh
Fduor vwxglhv frqgxfwhg e| Kvldr/ Shvdudq dqg Wdkplvflrjox +4<<<, vkrz wkdw
e| iroorzlqj wkh dssurdfk ri Olqgoh| dqg Vplwk +4<:5, lq dvvxplqj wkdw wkh
sulru0glvwulexwlrqv ri j2 dqg { duh lqghshqghqw dqg duh glvwulexwhg dv







|lhogv d Ed|hv hvwlpdwru doprvw dv jrrg dv wkh Ed|hv hvwlpdwru zlwk nqrzq {
dqg j2 c zkhuh ‘ E uhsuhvhqwv wkh Zlvkduw glvwulexwlrq zlwk vfdoh pdwul{/ o-c
dqg ghjuhhv ri iuhhgrp o +h1j1 Dqghuvrq +4<;8,,1
Wkh Kvldr/ Shvdudq dqg Wdkplvflrjox +4<<<, Ed|hv hvwlpdwru lv ghulyhg xqghu
wkh dvvxpswlrq wkdw wkh lqlwldo revhuydwlrq +f duh {hg frqvwdqwv1 Dv glvfxvvhg
lq Dqghuvrq dqg Kvldr +4<;4/ 4<;5,/ wklv dvvxpswlrq lv fohduo| xqmxvwldeoh iru
d sdqho zlwk qlwh A 1 Krzhyhu/ frqwudu| wr wkh vdpsolqj dssurdfk zkhuh wkh
fruuhfw prghoolqj ri lqlwldo revhuydwlrqv lv txlwh lpsruwdqw/ wkh Kvldr/ Shvdudq
dqg Wdkplvflrjox +4<<<, Ed|hvldq dssurdfk dsshduv wr shuirup idluo| zhoo lq
wkh hvwlpdwlrq ri wkh phdq frh!flhqwv iru g|qdplf udqgrp frh!flhqw prghov dv
ghprqvwudwhg lq wkhlu Prqwh Fduor vwxglhv1
Uhpdun 7 Prgho +83, kdv qrw lpsrvhg dq| frqvwudlqw rq wkh frh!flhqw ri wkh
odj ghshqghqw yduldeoh/ 41 Riwhq dq lqyhvwljdwru zrxog olnh wr lpsrvh wkh vwdelolw|
frqglwlrq m4m 	 1 Rqh zd| wr lpsrvh wkh vwdelolw| frqglwlrq rq lqglylgxdo xqlwv
zrxog eh wr dvvxph wkdw 4 iroorzv d Ehwd glvwulexwlrq rq +3/4,1 Iru d Ed|hv
hvwlpdwru xqghu wklv dvvxpswlrq vhh Olx dqg Wldr +4<;3,1
: Whvwlqj iru Khwhurjhqhlw| Xqghu Zhdn H{r0
jhqhlw|
Jlyhq wkh lpsruwdqfh ri khwhurjhqhlw|/ lw lv yhu| lpsruwdqw wr whvw iru lw1 Wkhuh
duh dw ohdvw wzr glhuhqw fdwhjrulhv ri whvwv dydlodeoh= gluhfw whvwv ri sdudphwhu
4;
htxdolw| ri wkh w|sh xvhg e| ]hooqhu +4<95, lq d VXUH iudphzrun/ ru Kdxvpdq
+4<:;, w|sh whvwv ri wkh glhuhqfh ehwzhhq wzr hvwlpdwruv ri  +ru lwv vxevhw,1
Wkh iruphu lv jhqhudoo| dssolfdeoh zkhq  lv uhodwlyho| vpdoo dqg A vx!flhqwo|
odujh1 Khuh zh vkdoo h{dplqh wkh odwwhu dqg dvvxph wkdw  dqg A duh vx!flhqwo|
odujh1 Wkh Kdxvpdq phwkrg fdq eh xvhg lq fdvhv zkhuh wkh wzr hvwlpdwruv duh
frqvlvwhqw xqghu wkh qxoo ri krprjhqhlw|/ zklovw rqo| rqh ri wkhp lv h!flhqw1
Dovr/ xqghu wkh dowhuqdwlyh k|srwkhvlv wkh wzr hvwlpdwruv frqyhujh wr glhuhqw
ydoxhv1
Ghqrwh wkh h!flhqw hvwlpdwru e| vxevfulsw h dqg wkh lqh!flhqw exw frqvlv0
whqw hvwlpdwru +xqghu wkh dowhuqdwlyh k|srwkhvlv, e| wkh vxevfulsw f1 Wkhq zh
kdyh
T EeS  ee ’ T EeS T Eee +8;,
Wklv lv wkh uhvxow xvhg e| Kdxvpdq +4<:;, zkhuh lv dvvxphg wkdw ee lv dv|ps0
wrwlfdoo| wkh prvw h!flhqw hvwlpdwru1 Krzhyhu/ lw lv hdvlo| vkrzq wkdw +8;, krog
xqghu d zhdnhu uhtxluhphqw/ qdpho| zkhq wkh +dv|pswrwlf, h!flhqf| ri ee fdq0
qrw eh hqkdqfhg e| wkh lqirupdwlrq frqwdlqhg lq eS1 Frqvlghu d wklug hvwlpdwrueW/ ghqhg dv d frqyh{ frpelqdwlrq ri eS dqg ee
^eW ’ E B^ee n B^eSc +8<,
zkhuh ^ lv d yhfwru ri frqvwdqwv/ dqg B lv d vfdodu lq wkh udqjh f  B   Vlqfh/ e|
dvvxpswlrq/ wkh dv|pswrwlf h!flhqf| ri ee fdqqrw eh hqkdqfhg e| wkh nqrzohgjh
ri eSc wkhq lw pxvw eh wkdw T E^eW  T E^eec dqg khqfh wkh ydoxh ri B wkdw
plqlplvhv T E^eWc vd| BW/ vkrxog eh }hur1 Krzhyhu/ xvlqj +8<, gluhfwo|/ zh kdyh
BW ’
^dT Eee JEeec eSo^
^T EeS  ee^ ’ fc +93,
dqg khqfh ^dT Eee  JEeec eSo^ ’ f Exw/ li wklv uhvxow lv wr krog iru dq
duelwudu| yhfwru ^c zh pxvw kdyh
T Eee ’ JEeec eS +94,
Xvlqj wklv lq
T EeS  ee ’ T EeS n T Eee 2 JEeec eSc
4<
|lhogv +8;, dv ghvluhg1
Lq wkh frqwh{w ri whvwlqj iru vorsh khwhurjhqhlw| d qxpehu ri glhuhqw Kdxvpdq
w|sh whvwv fdq eh xvhg1
Rqh srvvlelolw| zrxog eh wr frpsduh wkh srrohg hvwlpdwru ri / ghqhg e|5






zlwk wkh phdq jurxs hvwlpdwru e7C/ ghqhg e| +88,1 Zkhq wkh irfxv ri dw0
whqwlrq lv rq wkh phdq orqj uxq frh!flhqwv W ’ .E*E  4c dv lq Sh0
vdudq/ Vklq dqg Vplwk +4<<<, wkh khwhurjhqhlw| whvw frxog eh edvhg gluhfwo| rqeWu7 ’ eu7*E  	4u7 dqg eWC ’ 3S’ eW / zkhuh eW ’ 	*E  	41
Xqghu wkh qxoo ri krprjhqhlw| wkh srrohg dqg wkh phdq jurxs hvwlpdwruv duh
erwk frqvlvwhqw/ dowkrxjk rqo| wkh phdq jurxs hvwlpdwru lv frqvlvwhqw xqghu wkh
dowhuqdwlyh k|srwkhvlv zkhq odjjhg ydoxhv ri wkh ghshqghqw yduldeohv duh lqfoxghg
lq wkh prgho16




yduldqfh pdwulfhv ri wkh srrohg dqg wkh phdq jurxs hvwlpdwruv +iru d {hg 
























zkhuh [ ’ R *4A<"E‘





5Vlplodu h{huflvhv fdq dovr eh fduulhg rxw xvlqj {hg ru udqgrp hhfwv hvwlpdwruv1 Exw wr
nhhs wkh h{srvlwlrq vlpsoh khuh zh irfxv rq srrohg hvwlpdwruv1
6Qrwh wkdw lq wkh fdvh ri vwdqgdug udqgrp frh!flhqw prghov zkhuh doo wkh uhjuhvvruv duh
vwulfwo| h{rjhqrxv dqg wkh frh!flhqwv duh glvwulexwhg lqghshqghqwo| ri wkh huuruv dqg wkh uhjuhv0
vruv/ wkh srrohg +ROV, hvwlpdwruv duh frqvlvwhqw erwk xqghu krprjhqhrxv dqg khwhurjhqhrxv
frh!flhqwv1 Dv d uhvxow wkh Kdxvpdq whvw zloo qrw eh dssolfdeoh/ lq wkh vhqvh wkdw lwv dssolfd0
wlrq wr wkh glhuhqfh ehwzhhq srrohg dqg qrq0srrohg hvwlpdwruv zloo qrw uhvxow lq d frqvlvwhqw
whvw1
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zklfk lv d srvlwlyh ghqlwh pdwul{/ dvvxplqj wkdw[ 9’ [c iru vrph  dqg 17Wklv
frqglwlrq lv jhqhudoo| vdwlvhg zkhq wkh prgho frqwdlqv uhjuhvvruv zlwk khwhur0
jhqhrxv yduldqhv1 Wkh deryh uhvxowv vxjjhvw wkh iroorzlqj vwdwlvwlf iru whvwlqj wkh
krprjhqhlw| k|srwkhvlv=
 ’  A



















dqg ej2C ’  S’ ej2 1 Lq frpsxwlqj / rqh frxog dovr htxdoo| xvh ej2u7 lqvwhdg
ri ej2C1 Xqghu wkh qxoo k|srwkhvlv
Mf G 4 ’ 4c  ’ / dqg j
2
 ’ j
2c iru doo /




Zkhq wkh irfxv ri wkh dqdo|vlv lv rq wkh orqj uxq frh!flhqwv zh uvw qrwh
wkdw8 eWu7  W ’ Ee4u7  4W n Eeu7  E e4u7 
Wkhuhiruh/ xqghu wkh krprjhqhlw| k|srwkhvlv/ zh kdyh/ iru d odujh A
J
s



















7Iru d surri vhh wkh Dsshqgl{ lq Shvdudq/ Vplwk dqg Lp +4<<9,1
8Uhfdoo wkdw xqghu krprjhqhlw| k|srwkhvlv  @ @+4 , dqg eROV @ eROV@+4 aROV,1
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zkhuh # ’ EWc Wg lv d g  Eg n  pdwul{1 Wr hvwlpdwh +98,/ dqg +99,/ wkh
xqnqrzq sdudphwhuv j2c 4c dqg  frxog eh hvwlpdwhg hlwkhu iurp srrohg +{hg
hhfwv, ru phdq jurxs hvwlpdwruv1 Xvlqj wkh phdq jurxs hvwlpdwruv/ wkh whvw ri
wkh krprjhqhlw| ru wkh orqj uxq frh!flhqwv fdq wkhq eh edvhg rq wkh iroorzlqj
Kdxvpdq0w|sh vwdwlvwlf=
BW ’ A E e4C2 eWC  eWu7 e#C eVe#C3 eWC  eWu7 c
zkhuh e#C ’ EeWCc Wg/ dqg eV lv jlyhq e| +97,1 Lq jhqhudo e#C eVe#C lv ri
ixoo udqn1 Xqghu wkh qxoo k|srwkhvlv/ iru odujh  dqg Ac BW q 
2
g 
; DUdqgrpFrh!flhqw Vlpxowdqhrxv Htxdwlrq
V|vwhp
Wkh jhqhudolvdwlrq ri d vlqjoh htxdwlrq udqgrp frh!flhqwv prgho wr d vlpxowd0
qhrxv htxdwlrq v|vwhp udlvhv frpsolfdwhg lvvxhv ri lghqwlfdwlrq dqg hvwlpdwlrq1
Wr vkrz wklv ohw xv frqvlghu d v|vwhp ri C htxdwlrqv
v njK ’ Nc  ’ c c c +9:,
zkhuhv dqgj duh wkh AC dqg Ag pdwulfhv ri hqgrjhqrxv dqg h{rjhqrxv
yduldeohv/ uhvshfwlyho|/N lv wkh AC pdwulfhv ri huuruv/  dqg K duh wkh CC
dqg g C pdwul{ ri wkh frh!flhqwv ri wkh hqgrjhqrxv yduldeohv dqg h{rjhqrxv
yduldeohv/ uhvshfwlyho|1 Wkh uhgxfhg irup/ wkhq/ lv ri wkh irup
v ’ jK3 nN3 c +9;,
’ j nVc
zkhuh





 ’ n c +:4,
K ’ Knc +:5,
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zkhuh  dqg  duh CC dqg Cg pdwulfhv ri udqgrp yduldeohv lqghshqghqwo|
glvwulexwhg ryhu  zlwk phdqv f dqg fryduldqfhv x dqg{c ghqhg e| x ’ .dEyhf
 +yhf 
o dqg { ’ .dEyhf Eyhf 
o Wkhq
. E ’ .dEKnEn 3oc +:6,
9’ K 3
Lq rwkhu zrugv/ lghqwlfdwlrq frqglwlrqv ri vwuxfwxudo sdudphwhuv fdqqrw eh gh0
ulyhg e| dvvxplqj wkdw zkhq vdpsoh vl}h dssurdfkhv lqqlw|/ 	 zloo frqyhujh wr
K 
3
 Lq idfw wkh dvvxpswlrq ri +:4, udlvhv lqwudfwdeoh gl!fxowlhv dw wkh ohyhov
ri lghqwlfdwlrq dqg hvwlpdwlrq1
Nhohmldq +4<:7, kdv vwxglhg wkh sureohp ri lghqwlfdwlrq xqghu +:4, dqg +:5,1
Klv uhvxowv lpso| wkdw dq| ihhgedfn ehwzhhq wkh hqgrjhqrxv yduldeohv pxvw eh
dyrlghg dqg wkdw lghqwldelolw| dqg lqwhughshqghqfh h{foxgh hdfk rwkhu +dovr vhh
Udm dqg Xoodk +4<;4,,1 Lq rwkhu zrugv/ iru dq| rqh htxdwlrq zh pd| wuhdw doo
wkh rwkhu yduldeohv dv suhghwhuplqhg1 Wkhuhiruh/ iru hdvh ri dqdo|vlv/ lqvwhdg ri
dvvxplqj +:4,/ zh vkdoo dvvxph wkdw
 ’ c ; c +:7,
zkhuh  lv d qrq0vlqjxodu pdwul{ zlwk {hg hohphqwv1
Wkh frpelqdwlrq ri +:5, dqg +:7, dprxqwv wr dvvxplqj d udqgrp frh!flhqwv
uhgxfhg irup ri +84,/ zkhuh  ’ K3 ’ EKn3/ dqg
. E ’ K 3c +:8,
JE ’ d
3  W&o{d3  W&o ’{W +:9,
Dvvxph wkdw N duh lqghshqghqwo| glvwulexwhg ryhu wlph exw duh frqwhpsrudqh0
rxvo| fruuhodwhg/ wkhq
JEN ’ .deSENeSEN
o ’   WA  +::,
Ixuwkhupruh/ zh dvvxph wkdw N dqg  duh pxwxdoo| lqghshqghqw dqg duh lqgh0





zkhuh VW ’ j73 nN73 dqg . EVW  ’ fc
JEVW  ’ 7
37
3  WA n EWC j{WEWC j| +:<,
’ "c  ’ c c 
Wkh JOV hvwlpdwru ri 7 lv wkhq htxdo wr +Edohvwud dqg Qhjdvvl +4<<3,,


















dqg {W duh xqnqrzq/ d wzr0vwhs JOV surfhgxuh fdq eh dssolhg1

























Lq wkh vhfrqg vwhs/ zh hvwlpdwh
]
 xvlqj +;3, e| vxevwlwxwlqj
e+ iru +
Li rxu lqwhuhvw lv lq wkh vwuxfwxudo irup sdudphwhuv  dqg Kc zh fdq hlwkhu
vroyh iru  dqg K iurp wkh uhgxfhg irup hvwlpdwh e7c ru zh fdq hvwlpdwh wkhp
gluhfwo| xvlqj lqvwuxphqwdo yduldeohv phwkrg1 Uhzulwh wkh uvw htxdwlrq ri wkh





 n c +;7,
’ ~ n  
W
c  ’ c c c
zkhuh ) lv wkh A   yhfwru ri wkh uvw hqgrjhqrxv yduldeohv dqg t lv wkh
A  } pdwul{ ri wkh rwkhu hqgrjhqrxv yduldeohv dsshdulqj lq wkh uvw htxdwlrq






















dqg Qhjdvvl +4<<3, vxjjhvw wkh iroorzlqj lqvwuxphqwdo yduldeohv hvwlpdwru

















{ ’ . E

 
Rqh fdq dovr ghulyh wkh Ed|hv vroxwlrqv iru d vlpxowdqhrxv htxdwlrqv v|vwhp ri
wkh irup +9:,/ +:5, dqg +:7, xvlqj d phwkrg dqdorjrxv wr wkdw ri vhfwlrq 71
Frqvlghulqj rqh htxdwlrq ri +9;, dw d wlph/ wkh uhvxowv ri vhfwlrq 7 fdq eh dssolhg
vwudljkwiruzdugo|1 Wkh vlplodu uhvxowv iru wkh v|vwhp ri +9;, fdq dovr eh ghulyhg
li wkh sulru uhvwulfwlrqv rq  duh ljqruhg1 Ri frxuvh/ uhvwulfwhg uhgxfhg irup
hvwlpdwruv dq dovr eh ghulyhg1 Wkh frpsxwdwlrq/ wkrxjk/ fdq eh oderulrxv1
Wkh uhvxowv ri vhfwlrq 7 fdq dovr eh xvhg wr ghulyh d Ed|hv hvwlpdwru iru wkh
vwuxfwxudo irup +;7, edvhg rq d olplwhg lqirupdwlrq dssurdfk1 Ohw
v ’ ev n eVc +;;,
zkhuh ev ’ j ec dqg e ’ Ejj3jv Vxevwlwxwlqj ev iru v lq +;7,/
zh kdyh
) ’ evW njW n c +;<,
zkhuh  ’  n eVW Frqglwlrqlqj rq ec zh fdq wuhdw ev dqg j dv
wkh vhw ri h{rjhqrxv yduldeohv1 Htxdwlrq +;<, lv ri wkh irup ri wkh pl{hg {hg







duh jlyhq lq vhfwlrq 7 +iru ghwdlo vhh Kvldr/ Dsshoeh dqg Glqhhq +4<<4,,1 Ri
frxuvh/ rqh vkrxog nhhs lq plqg wkdw qrz wkh Ed|hv hvwlpdwru lv wkh frqglwlrqdo
srvwhulru phdq jlyhq wkh hvwlpdwhg 1
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< UdqgrpFrh!flhqwPrghov zlwk Furvv0Vhfwlrq
Ghshqghqfh
Lq sulqflsoh/ wkh udqgrp frh!flhqw prgho +47, fdq eh hdvlo| dgdswhg wr doorz
iru ghshqghqfh dfurvv wkh huuru whupv/ |/  ’ c 2c c  1 Exw/ zlwkrxw sodxvleoh
uhvwulfwlrqv rq wkh huuru fryduldqfhv wkh qxpehu ri xqnqrzq sdudphwhuv ri wkh
prgho lqfuhdvhv dw wkh udwh ri 2/ zklfk zrxog eh pdqdjhdeoh rqo| zkhq  lv
uhodwlyho| vpdoo +w|slfdoo| 43 ru ohvv,1 Wr ghdo zlwk wkh sureohp ri furvv vhfwlrq
ghshqghqfh zkhq lv odujh d qxpehu ri glhuhqw dssurdfkhv kdyh ehhq dgydqfhg
lq wkh olwhudwxuh1 Lq wkh fdvh ri vsdwldo sdqhov zkhuh d qdwxudo glvwdqfh phdvxuh
+ru dq lppxwdeoh rughulqj ri furvv vhfwlrq xqlwv, lv dydlodeoh wkh ghshqghqfh
lv whvwhg dqg prghoohg zlwk vsdwldo odjv/ xvlqj whfkqltxhv idploldu iurp wkh
wlph vhulhv olwhudwxuh1 Dqvholq +5334, surylghv d uhfhqw vxuyh| ri wkh olwhudwxuh
rq vsdwldo hfrqrphwulfv1 D qxpehu ri vwxglhv kdyh dovr xvhg phdvxuhv vxfk dv
wudgh ru fdslwdo  rzv wr fdswxuh hfrqrplf glvwdqfh/ dv lq Ohh dqg Shvdudq +4<<6,/
Frqoh| dqg Wrsd +5335, dqg Shvdudq/ Vfkxhupdqq dqg Zhlqhu +5337,1
Exw/ lq wkh devhqfh ri vxlwdeoh glvwdqfh phdvxuhv ru qdwxudo rughulqjv ri
wkh furvv vhfwlrq xqlwv d qxpehu ri lqyhvwljdwruv kdyh dwwhpswhg wr prgho wkh
furvv vhfwlrq ghshqghqfh xvlqj vlqjoh ru pxowlsoh idfwru uhvlgxdo prghov zkhuh
| lv vshflhg lq whupv ri d qlwh qxpehu ri frpprq idfwruv1
9 D frqyhqlhqw




Eu| n 0| c +<3,
zkhuh  lv d r   yhfwru ri lqglylgxdo0vshflf idfwru ordglqjv/ u| lv dq r  
yhfwru ri xqrevhuyhg +odwhqw, idfwruv/ dqg 0| lv dq lglrv|qfudwlf huuru dvvxphg wr
eh glvwulexwhg lqghshqghqwo| dfurvv / wkh xqrevhuyhg idfwruv/ u|/ dqg wkh revhuyhg
uhjuhvvruv/  |/ zlwk phdq }hur dqg d xqlw yduldqfh1 Vlqfh wkh frpprq idfwruv
duh xqrevhuyhg/ zlwkrxw orvv ri jhqhudolw| zh dovr dvvxph wkdw u| q Efc Wr1
Xqghu wkh deryh vhw xs/ dqg frqglwlrqdo rq d jlyhq vhw ri idfwru ordglqjv/ wkh
furvv0fruuhodwlrqv ri wkh huuruv duh jlyhq e|






9D jhqhudo whvw ri furvv vhfwlrq ghshqghqfh lv dovr sursrvhg e| Shvdudq +5337,1
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Frpsolfdwhg fryduldqfh vwuxfwxuhv fdq eh dffrpprgdwhg e| wkh uhvlgxdo idfwru
irupxodwlrq wkurxjk glhuhqfhv dfurvv idfwru ordglqjv dqg e| xvlqj d vx!flhqwo|
odujh qxpehu ri idfwruv1 D udqgrp frh!flhqw vshflfdwlrq fdq dovr eh dvvxphg
iru wkh idfwru ordglqjv=
 ’ 7 n c +<5,
zkhuh 7 lv d yhfwru ri {hg frqvwdqwv
.E ’ fc . Eu

| ’ fc +<6,
. E 







{l c li  ’ c
fc li  9’ c 





iru  9’  lv jryhuqhg e| 7 dqg wkh glvwulexwlrq ri 1 Wkh
dyhudjh furvv vhfwlrq ghshqghqfh zloo eh }hur li 7 ’ f/ dqg  lv v|pphwulfdoo|
glvwulexwhg1 W|slfdoo| rqh zrxog h{shfw 7 9’ f1
H{dpsohv ri vwxglhv wkdw kdyh xvhg wkh uhvlgxdo idfwru vwuxfwxuh wr prgho
furvv vhfwlrq ghshqghqfh lqfoxgh Krow}0Hdnlq/ Qhzh|/ dqg Urvhq +4<;;,/ Dkq/
Ohh dqg Vfkplgw +5334,/ Urehuwvrq dqg V|prqv +5333,/ Edl dqg Qj +5335,/
Frdnoh|/ Ixhuwhv dqg Vplwk +5335,/ Shvdudq +5335/ 5336,/ Skloolsv dqg Vxo +5335,/
Prrq dqg Shuurq +5336,/ dqg Prrq/ Shuurq dqg Skloolsv +5336,1 Wkh vwxglhv e|
Krow}0Hdnlq hw do1 dqg Dkq hw do1 irfxv rq vlqjoh idfwru uhvlgxdo prghov dqg
doorz iru wlph0ydu|lqj lqglylgxdo hhfwv lq wkh fdvh ri sdqhov zlwk krprjhqhrxv
vorshv zkhuh A lv {hg dqg  $41 Urehuwvrq dqg V|prqv frqvlghu d udqgrp
frh!flhqw pxowl0idfwru uhvlgxdo prgho zkhuh wkh idfwruv duh glvwulexwhg lqghshq0
ghqwo| ri uhjuhvvruv/  |/ dqg dujxh wkdw wkh pd{lpxp olnholkrrg phwkrg zrxog
vwloo eh dssolfdeoh hyhq zkhq  : A 1 Skloolsv dqg Vxo +5335, vxjjhvw xvlqj
VXUH0JOV whfkqltxhv frpelqhg zlwk phgldq xqeldvhg hvwlpdwlrq lq wkh fdvh ri
uvw rughu dxwruhjuhvvlyh sdqhov1 Frdnoh|/ Ixhuwhv dqg Vplwk sursrvh d sulqflsdo
frpsrqhqwv dssurdfk zklfk lv vkrzq e| Shvdudq +5335, wr eh frqvlvwhqw rqo|
zkhq wkh idfwruv dqg wkh lqfoxghg uhjuhvvruv duh hlwkhu dv|pswrwlfdoo| xqfruuh0
odwhg ru duh shuihfwo| fruuhodwhg1 Lq wkh pruh jhqhudo fdvh Shvdudq +5335, vkrzv
wkdw frqvlvwhqw hvwlpdwlrq ri wkh udqgrp frh!flhqw prghov zlwk d uhvlgxdo idfwru
vwuxfwxuh fdq eh dfklhyhg +xqghu fhuwdlq uhjxodulw| frqglwlrqv, e| dxjphqwlqj
5:
wkh revhuyhg uhjuhvvruv zlwk wkh furvv vhfwlrq dyhudjhv ri wkh ghshqghqw yduldeoh

















mm 	 g 	4
Dq reylrxv h{dpsoh ri vxfk d zhljkwlqj vfkhph lv  ’ * 1
Edl dqg Qj +5335,/ Skloolsv dqg Vxo +5335,/ Prrq dqg Shuurq +5336,/ dqg
Prrq/ Shuurq dqg Skloolsv +5336,/ dqg Shvdudq +5336, xvh uhvlgxdo idfwru prghov
wr doorz iru furvv vhfwlrq ghshqghqfh lq whvwlqj iru xqlw urrwv lq Sdqhov1
43 Frqfoxglqj Uhpdunv
Zkhq wkh lqfoxghg frqglwlrqdo yduldeohv wrjhwkhu zlwk wkh frqyhqwlrqdo yduldeoh
lqwhufhsw ru huuru frpsrqhqwv +h1j1 Kvldr +5336/ fk16,, fdqqrw frpsohwho| fds0
wxuhg v|vwhpdwlf glhuhqfhv dfurvv furvv0vhfwlrqdo xqlwv dqg2ru ryhu wlph/ dqg wkh
srvvlelolw| ri dgglqj dgglwlrqdo frqglwlrqdo yduldeohv lv qrw dq rswlrq/ hlwkhu gxh
wr gdwd xqdydlodelolw| ru wkh ghvluh wr nhhs wkh prgho vlpsoh/ wkhuh lv yhu| olwwoh
dowhuqdwlyh exw wr doorz wkh vorsh frh!flhqwv wr ydu| dfurvv furvv0vhfwlrq xqlwv
ru ryhu wlph1 Li zh wuhdw doo wkhvh frh!flhqwv dv {hg dqg glhuhqw/ wkhuh lv qr
sduwlfxodu uhdvrq wr srro wkh gdwd/ h{fhsw iru vrph h!flhqf| jdlq lq d ]hooqhu*v
+4<95, vhhplqjo| xquhodwhg uhjuhvvlrq iudphzrun1 Udqgrp frh!flhqwv prghov
dsshdu wr eh dq dwwudfwlyh plggoh jurxqg ehwzhhq wkh lpsodxvleoh dvvxpswlrq
ri krprjhqhlw| dfurvv furvv0vhfwlrqdo xqlwv ru ryhu wlph dqg wkh lqihdvlelolw| ri
wuhdwlqj wkhp doo glhuhqwo|/ lq wkh vhqvh ri ehlqj gudzv iurp glhuhqw sured0
elolw| glvwulexwlrqv1 Rwkhu lqwhuphgldwh irupxodwlrqv frxog dovr eh frqvlghuhg1
Iru h{dpsoh/ dv dujxhg e| Shvdudq/ Vklq dqg Vplwk +4<<<,/ lq wkh frqwh{w ri
g|qdplf prghov lw zrxog eh sodxvleoh wr lpsrvh wkh krprjhqhlw| k|srwkhvlv rq
wkh orqj0uxq frh!flhqwv exw ohw wkh vkruw0uxq g|qdplfv wr ydu| iuhho| dfurvv wkh
furvv0vhfwlrq xqlwv1 Lq wklv Fkdswhu ydulrxv irupxodwlrqv duh vxuyh|hg dqg wkhlu
5;
lpsolfdwlrqv glvfxvvhg1 Rxu uhylhz kdv ehhq odujho| frqqhg wr olqhdu sdqho gdwd
prghov zlwk vwdwlrqdu| uhjuhvvruv1 Wkh dqdo|vlv ri udqgrp frh!flhqw prghov
zlwk xqlw urrwv dqg frlqwhjudwlrq lv uhylhzhg lq Euhlwxqj dqg Shvdudq +5337/
xqghu suhsdudwlrq, lq wklv yroxph1 Sdudphwhu khwhurjhqhlw| lq qrq0olqhdu sdqho
gdwd prghov srvhv ixqgdphqwdoo| qhz sureohpv dqg qhhgv wr eh frqvlghuhg rq d
fdvh0e|0fdvh edvlv1
5<
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wlvwlfv/ 9/ 79407971
^8<‘ Vlqjk/ E1/ D1O1 Qdjdu/ Q1N1 Fkrxgku|/ dqg E1 Udm +4<:9,/ Rq wkh Hvwl0
pdwlrq ri Vwuxfwxudo Fkdqjhv= D Jhqhudolvdwlrq ri wkh Udqgrp Frh!flhqwv
Uhjuhvvlrq Prgho/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 4:/ 67306941
^93‘ Vzdp|/ S1D1Y1E1 +4<:3,/ H!flhqw Lqihuhqfh lq d Udqgrp Frh!flhqw Uh0
juhvvlrq Prgho/ Hfrqrphwulfd/ 6;/ 64406561
^94‘ Vzdp|/ S1D1Y1E1 dqg S1D1 Wlqvoh| +4<::,/ Olqhdu Suhglfwlrq dqg Hvwlpd0
wlrqPhwkrgv iru UhjuhvvlrqPrghov zlwk Vwdwlrqdu| Vwrfkdvwlf Frh!flhqwv/
Ihghudo Uhvhuyh Erdug Glylvlrq ri Uhvhdufk dqg Vwdwlvwlfv/ Vshfldo Vwxglhv
Sdshu Qr1 :;/ Zdvklqjwrq/ G1F1
^95‘ Zdfkwhu/ P1O1 +4<:9,/ Wkh Fkdqjlqj F|folfdo Uhvsrqvlyhqhvv ri Zdjh Lq0
 dwlrq/ Eurrnlqjv sdshu rq Hfrqrplf Dfwlylw|/ 4<:9/ 448049;1
^96‘ ]hooqhu/ D1 +4<95,/ Dq H!flhqw Phwkrg ri Hvwlpdwlqj Vhhplqjo| Xquhodwhg
Uhjuhvvlrqv dqg Whvwv iru Djjuhjdwlrq Eldv/ Mrxuqdo ri wkh Dphulfdq Vwd0
wlvwlfdo Dvvrfldwlrq/ 8:/ 67;069;1
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^97‘ ]hooqhu/ D1 +4<;;,/ Ed|hvldq Dqdo|vlv lq Hfrqrphwulfv/ Mrxuqdo ri Hfrqr0
phwulfv/ 6:/ 5:0831
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